Abstract. In this paper, we study the deformations of curves in the projective 3-space P 3 (space curves), one of the most classically studied objects in algebraic geometry.
Introduction
Space curves, i.e., curves embedded into P 3 , are one of the most classically studied objects in algebraic geometry (cf. [6, 23] ). Among all space curves, curves lying on a smooth cubic surface were intensively studied by virtue of a beautiful geometry endowed with the surface. For example, Mumford [17] found an example of a generically nonreduced component of the Hilbert scheme, whose general point corresponds to a space curve lying on a smooth cubic surface. This example was beautifully generalized by Kleppe in his systematic study [10] on 3-maximal families of space curves. (See also e.g. [8, 5, 3, 2, 4, 15, 18, 26, 16, 19, 12, 1, 11, 20, 21, 22] for further studies related to Mumford's example.) Let H(d, g) sc denote the Hilbert scheme of smooth connected curves in P 3 of degree d and genus g. Let W be an irreducible closed subset of H(d, g) sc . Then the least degree s(C) of surfaces containing a general member C of W is a basic invariant of W , and denoted by s(W ). In this paper, W is called a s-maximal family (or subset) for s ∈ Z, if s(W ) = s and if W is maximal with respect to s, i.e., s(V ) > s(W ) for any irreducible closed subset V containing W properly. Every irreducible component V of H(d, g) sc is a s(V )-maximal family, but the converse is not true. Let W ⊂ H(d, g) sc be a 3-maximal family and suppose that its general member C lies on a smooth cubic surface. Kleppe [10] showed that if d > 9 then dim W = d + g + 18, and if moreover g ≥ 3d − 18 and H 1 (P 3 , I C (3)) = 0, then W is a generically smooth component of H(d, g) sc .
(Here I C denotes the sheaf of ideals defining C (in P 3 ) and I C (n) := I C ⊗ P 3 O P 3 (n) for n ∈ Z.) Moreover, he originated the following conjecture, but here it is presented by modifications proposed by Ellia [3] .
Conjecture 1.1 (Kleppe (a version modified by Ellia)).
Suppose that d > 9, g ≥ 3d − 18 and C is linearly normal. If H 1 (P 3 , I C (3)) = 0, then (1) W is an irreducible component of (H(d, g) sc ) red and (2) H(d, g) sc is generically non-reduced along W .
Thus the 3-maximal families W in Conjecture 1.1 are expected to give rise to generically non-reduced components of H(d, g)
sc . The conclusion (1) of this conjecture is equivalent to that
The conclusion (2) follows from (1) because if d > 9, then
where h 0 (C, N C/P 3 ) represents the tangential dimension of H(d, g) sc at the point [C] corresponding to C. Ellia pointed out that (1) is false if we drop the assumption of the linear normality of C by counterexample (see also Dolcetti-Pareschi [2] for more counterexamples). The condition that g ≥ 3d − 18 is also necessary for (1) by dimension reason (cf. Remark 2.12). Conjecture 1.1 is related to a problem of classifying all irreducible components V of H(d, g) sc with s(V ) = s, so far this problem has been solved for s ≤ 2 (cf. [25] , see also [18, Prop. 4.11] ) and a very few (but partial) results are obtained for s ≥ 4 (cf. [12, 20, 11] ). Several papers, e.g. [10, 3, 18, 12, 11] contributed to Conjecture 1.1. It is known that if g is sufficiently large, then the conjecture holds to be true (see Remark 3.3). Mumford's example appears in a region of (d, g)-plane for which the conjecture is known to be true, and attains the minimal degree and the minimal genus in the region ((d, g) = (14, 24) ). The main purpose of this paper is to settle down this conjecture assuming further that C is quadratically normal. Another purpose of this paper is to give a sufficient condition for curves C lying on a smooth cubic surface to be obstructed in P 3 . Here we say C is (un)obstructed in P 3 if the Hilbert scheme of P 3 is (non)singular at [C] . Let S be a smooth cubic surface in P 3 and C a smooth connected curve on S. Then since −K S is ample, we can easily see that H 1 (C, N C/S ) = 0 by adjunction. Then it follows from the exact sequence 0 → N C/S → N C/P 3 → N S/P 3 C → 0 that H 1 (C, N C/P 3 ) ≃ H 1 (C, N S/P 3 C ) and hence every obstruction to deforming C in P 3 is contained in
(2.5) and (3.1)). It follows from a general theory that the Hilbert-flag scheme of P 3 is nonsingular at (C, S) (cf. Lemma 2.13) and the first projection pr 1 : (C, S) → [C] from the scheme is smooth at (C, S) if [10] ). Otherwise it follows from the Serre duality and a vanishing theorem that L + K S is effective and L is not nef (cf. Lemma 2.2).
2 ≤ m ≤ 3 and the restriction map
is surjective, where ∆ := L + K S − 2mE is a divisor on S.
Some special cases of Theorem 1.3 were also proved in [2] (for m = 3) and [18] (for m = 1) (cf. Remark 3.5).
In the proof of Theorems 1.2 and 1.3, we apply a result in [20] The organization of this paper is as follows. In §2.1 we recall basic results on linear systems on del Pezzo surfaces, and prove a vanishing theorem (cf. Lemma 2.6), which is crucial to our proof of Theorem 1.2. In §2.2 we get more specialized into cubic surfaces and recall a well known correspondence between curves on a smooth cubic and 7-tuples of integers. In §2.3 and §2.4 we recall some results on Hilbert-flag schemes and primary obstructions to deforming subschemes. We prove Theorems 1.2 and 1.3 in §3 and give some examples in §4. Throughout the paper, we work over an algebraically closed field k of characteristic 0.
Acknowledgment. I thank Prof. Jan Oddvar Kleppe for many helpful discussions, his warm encouragement, and showing me his unpublished preprint [9] 2. Preliminaries 2.1. Linear systems on del Pezzo surfaces. In this section, we collect some results on linear systems on del Pezzo surfaces. We refer to e.g. [14, 19] for the proofs.
A del Pezzo surface is a smooth projective surface S with ample anticanonical divisor −K S . Since k is algebraically closed, every del Pezzo surface S is isomorphic to a blow-up S n of P 2 at 9 − n points (in general positions) for 1 ≤ n ≤ 9 or
The degree of S is defined as deg S = K 
where the sum is taken over all lines ℓ on S satisfying
if and only if L is nef.
We will consider in §3 the problem of determining the obstructedness of space curves C ⊂ P 3 lying on a smooth cubic surface S ⊂ P 3 . Due to the following lemma, we restrict ourselves to the case
Proof. By Serre duality, we have
This implies that L is composed with pencils, i.e., L ∼ mq for some conic q on S and m ≥ 2. Since q is nef, we
Let L be an invertible sheaf on a del Pezzo surface S, and let
. Lemma 2.6 below is a generalization of this vanishing theorem and deals with the case where L is not nef also. This lemma plays an important role in our proof of Theorem 1.2. We need Lemmas 2.3 and 2.5 to prove Lemma 2.6. For simplicity, we will assume deg S ≥ 3 in these lemmas.
Proof. By induction, it suffices to prove the lemma for k = 1. Suppose that g(C ′ ) ≥ 1
and let E be a line on S and ε : S → S ′ the blow-down of E. We put r := 9 − K 2 S , i.e., the number of points of P 2 blown up to obtain S. Then 1 ≤ r ≤ 6 by deg S ≥ 3. The class l of the pull back of lines on P 2 and r exceptional curves e i (1 ≤ i ≤ r) form a basis of Pic S ≃ Z r+1 . We take e r to be the class of E. We recall that if r ≥ 2 then there exists a Weyl group W r , every whose element induces a base change of Pic S (cf. [14] ). By virtue of the base changes induced by the Weyl group, there exists a suitable basis of Pic S such that L is linearly equivalent to al − 
All these inequalities together show that L.ℓ ≥ 0 for all lines ℓ on S.
Remark 2.4. Lemma 2.3 fails for S 1 and S 2 . For example, suppose that S = S 2 , C ′ ∼ −K S 3 and F = e 7 . Since −K S 3 is the class of hyperplane sections of S 3 , general C ′ is an irreducible elliptic curve. However L gives the class of a line on S 2 and L is not nef.
Proof. By the Riemann-Roch theorem on S, we have
Then since −K S is ample, we have
Proof. If L is nef, i.e., F = 0, then the lemma follows from the second condition. Suppose that L is not nef. Then there exist an integer k ≥ 1 and some lines
for all i by the third condition and hence
Moreover there exists a nef divisor
Thus we have χ(
This implies that ∆ ′ is linearly equivalent to an irreducible curve
Thus we have completed the proof of lemma.
Remark 2.7. Lemma 2.6 is essentially proved in [19, Lemmas 2.3 and 2.5]. In this paper, we prove the nefness of L − 3F more directly and simplified the proof of the vanishing of
. See [19] for the proof in the case deg S ≤ 2.
Curves on cubic.
In this section, we specialize more into the degree 3 case. First we recall some properties of curves contained in a smooth cubic surface. Let S be a smooth cubic surface, that is, a blown-up of P 2 at six points, which do not lie on a conic, and no three of which lie on a line. The class e i (1 ≤ i ≤ 6) of six exceptional curves together with the class l of pullbacks of lines on P 2 form a Z-basis of the Picard group Pic S (≃ Z 7 ) of S. Thus every divisor D on S corresponds to a 7-tuple (a; b 1 , . . . , b 6 ) of integers by coordinates, i.e.,
Let W (E 6 ) denote the Weyl group associated to the Dynkin diagram of type E 6 . Then W (E 6 ) acts on Pic S and every element of W (E 6 ) corresponds to a Cremona transformation, a permutations (of e i ), or their composite transformations. Taking into account of this action, for any D there exists a suitable blow-up S → P 2 such that
We say that the basis l, e 1 , . . . , e 6 are standard for D if (2.2) 
The Hodge index theorem (cf. [7, Chap. V, Theorem 1.9]) shows that
We next consider the projective (ab)normality of curves on a smooth cubic surface. We recall that for an integer n, a projective variety
Lemma 2.8. Let C be a curve on a smooth cubic surface S and let
where F is the fixed part of |L| (= Λ n,C ).
In particular, provided that L ≥ 0 and L 2 > 0, C is n-normal if and only if L is nef.
Proof. There exists an exact sequence 0
, all whose middle cohomology groups vanish. Thus we obtain (2.5)
Therefore, the lemma follows from Lemma 2.1.
Remark 2.9. Note that −K S is effective and ample. Thus if L is nef and big, then so is L − K S , which implies that under the assumption of Lemma 2.8, if C is n-normal then C is also m-normal for all m < n.
Let C be a curve on S, and let C correspond to (a; b 1 , . . . , b 6 ) under a standard basis for C. Then since every element of the Weyl group W (E 6 ) preserves the class K S , every standard basis for C is that for L := C + nK S for all n. Therefore by Lemma 2.8, under the assumption that L ≥ 0 and L 2 > 0, C is n-normal if and only if b 6 ≥ n. One should be careful in applying Lemma 2.1 to a computation of the n-abnormality h
The support of the fixed part F of Λ n,C = |C + nK S | consists of any set of mutually disjoint lines, whose number is at most 6. The next example shows that even under the standard basis, the support of F does not necessarily consists of e 1 , . . . , e 6 . This fact corresponds to the fact that every blow-down of a cubic surface along 5 lines is isomorphic to either P 2 blown up at a point (
Example 2.10. Let C be a curve (of d = 18 and g = 31) on a smooth cubic surface S corresponding to the 7-tuple (12; 5, 5, 2, 2, 2, 2) under the standard basis. Here and later, we abuse notations and identify divisor classes l and e i (i = 1, . . . , 6) with 7-tuples of integers corresponding to them. Then we have
in Pic S, where D ′ = 2l−e 1 −e 2 is nef and F is the fixed part of Λ 3,C . Since D ′2 = 2 > 0 and F consists of 5 lines l − e 1 − e 2 and e i (3 ≤ i ≤ 6), we have h
Let d > 0 and g be two integers satisfying (2.4) and (a; b 1 , . . . , b 6 ) a 7-tuple of integers satisfying a set of conditions (2.6) (2.2), (2.3), a > b 1 and b 6 ≥ 0.
Then according to [10] , we can associate a closed subset W (a;
) sc of the family of curves C ⊂ P 3 lying on a smooth cubic surface S ⊂ P 3 and such that
on S for some (standard) basis l, e 1 , . . . e 6 of Pic S.
. . , b 6 ). If d > 9 then every general member C of W is contained in a unique cubic surface S, and hence W is birationally equivalent to P d+g−1 -bundle 
2.3. Hilbert-flag schemes and Primary obstructions. In this section, we briefly recall the definition of Hilbert-flag schemes and their infinitesimal properties (cf. [10, 24] ). Given a projective scheme X and a pair of Hilbert polynomials P and Q, there exists a contravariant functor HF P,Q : (schemes) → (sets) that to each base scheme B assigns a pair of closed subschemes C ⊂ S ⊂ X × k B, both flat over B, and where the fibers of C (resp., S) have the Hilbert polynomial P (resp. Q). This functor is represented by a projective scheme HF P,Q X, so called the Hilbert-flag scheme of X. Let (C, S) be a pair of closed subschemes of X with Hilbert polynomials (P, Q), respectively and such that C ⊂ S ⊂ X. Then the normal sheaf N (C,S)/X of (C, S) is a sheaf of O X -module and defined by the fiber product
of the projection N C/X → N S/X C and the restriction N S/X → N S/X C of normal sheaves of C and S in X, respectively (cf. [21, §2.2] ). In what follows, we assume that the two embeddings C ֒→ S and S ֒→ X are both regular (then so is C ֒→ X). Then it follows from a general theory (cf. [24, Proposition 4.5.3] ) that H 0 (X, N (C,S)/X ) and H 1 (X, N (C,S)/X ) respectively represent the tangent space and the obstruction space of HF P,Q X at (C, S), and we have
Thus if H 1 (X, N (C,S)/X ) = 0 then HF P,Q X is nonsingular at (C, S) of expected dimension, that is, the number in the left hand side of (2.7). The expected dimension coincides with χ(X, N (C,S)/X ), provided that H i (X, N (C,S)/X ) = 0 for all i ≥ 2. Let Hilb P X denote the Hilbert scheme of X with Hilbert polynomial P . Then there exist two natural projections pr 1 : HF P,Q X → Hilb P X and pr 2 : HF P,Q X → Hilb Q X, i.e., the first and the second projections. Correspondingly, there exist two natural exact sequences . Given a normal projective variety Z, we say Z is Fano if −K Z is ample. If S and X are both Fano and if the two embeddings C ֒→ S and S ֒→ X are both of codimension one, then all the higher cohomology groups of N (C,S)/X vanish, and we benefit a nice property from the Hilbert-flag scheme of X.
Lemma 2.13.
(1) If S and X are both Fano, and both C ⊂ S and S ⊂ X are effective Cartier divisors, then we have H i (X, N (C,S)/X ) = 0 for all i > 0.
(2) If X is a Fano 3-fold, S is a del Pezzo surface and C is a curve of degree d = (−K S .C) and genus g, then HF X is nonsingular at (C, S) of expected dimension
Proof. We note by adjunction that N C/S ≃ −K S C + K C and N S/X ≃ −K X S + K S . Therefore, the higher cohomology groups H i (C, N C/S ) and H i (S, N S/X ) vanish for all i > 0 by the ampleness of −K S and −K X , respectively. Thus (1) follows from the exact sequence (2.9). By Riemann-Roch formulas on curves and surfaces, we see that χ(C, N C/S ) = d + g − 1 and χ(S, N S/X ) = (−K X .S 2 ) X /2 + 1. Hence we obtain (2) by additivity on Euler characteristics.
Example 2.14 (cf. [10, 21] ). If X = P 3 , S is a smooth cubic surface and C is a curve on S of degree d and genus g, then HF P 3 is nonsingular at (C, S) of expected dimension χ(P 3 , N (C,S)/P 3 ) = d + g + 18, which coincides with the dimension of 3-maximal families
We recall the definition of primary obstructions to deforming subschemes. LetC be a first order deformation of C in X, that is, an infinitesimal deformationC of C in X over the ring k 
which is deduced from (2.8). Then since p 1 is not surjective, there exists a first order deformationC of C in X not contained in any first order deformationS of S in X. We need the following lemma for the proof of Theorem 1.2. 
Proof. The proof is similar to that of [19, Lemma 4.11] . We show that every small global deformation of C in X is contained that of S in X. Let T be a small neighborhood of [C] in Hilb P X and T ֒→ Hilb P X the embedding of T . Then by base change, there exists a family C T ⊂ X × T of curves in X with a point 0 ∈ T such that C 0 = C. Let Spec k[t]/(t 2 ) → T be an element of the Zariski tangent space of T at 0. Then there exist a first order deformationC → Spec k[t]/(t 2 ) of C and a global section α of N C/X , correspondingly. Then by assumption, α is contained in im p 1 , and hence there exists a first order deformation (C,S) of (C, S) withS ⊃C. Since HF X is nonsingular at (C, S), there exists a global deformation (C T , S T ) of (C, S) over T as a lift of (C,S). Thus pr 
Corollary 2.16. Suppose that X = P 3 , S is a smooth cubic surface in P 3 and C ⊂ S is a curve of degree d > 9 and genus g.
Proof. We see that I C/S ⊗ S N S/P 3 ≃ −C−3K S in Pic S. Since −K S .(−C−3K S ) = −d+9 < 0, we have H 0 (S, I C/S ⊗ S N S/P 3 ) = 0. Then the corollary follows from Example 2.14.
Obstructedness criterion.
In this section, we recall a result in [20] concerning primary obstructions to deforming curves on a 3-fold. Our proofs of Theorems 1.2 and 1.3 heavily depend on Theorem 2.20. We refer to [16, 19, 20] for more information about exterior components, infinitesimal deformations with pole, and also the proof of Theorem 2.20.
Let X be a projective 3-fold and C an irreducible curve on X. We assume that there exists an intermediate surface S such that C ֒→ S ֒→ X are regular embeddings. Let α be a global section of N C/X . We consider a natural projection π C/S : N C/X → N S/X C , which induces maps We recall the definition of infinitesimal deformations with poles, which was introduced in [16] . We are interested in a global section γ of N S/X C such that γ does not lift to a global section of N S/X but lifts to that of N S/X (E) (:= N S/X ⊗ S O S (E)) after admitting a pole along a divisor E ≥ 0 on S. Definition 2.17. Let E be a nonzero effective Cartier divisor on S. Then a rational section β ∈ H 0 (S, N S/X (E)) \ H 0 (S, N S/X ) is called an infinitesimal deformation with pole.
Here and later, for a sheaf F and a Cartier divisor E on S, we denote the sheaf F ⊗ S O S (E) by F (E). When F is invertible, we abuse notation and denote the invertible sheaf F (E) by F + E. If E is effective then there is a natural map (2.11)
admitting poles along E. Given a cohomology class c in H i (S, F ), we denote by r(c, E) the image of c by this map (and similarly for C). Let k C denote the extension class in Ext 
of a subdivisor E ′ ⊂ E on S, a prime divisor E 0 ⊂ E ′ , and a lift β of r(γ, E ′ )
in H 0 (S, L + E ′ ) such that the principal part β E 0 of β along E 0 is nonzero and contained in the subgroup
Proof.
(1) follows from [20, Lemma 3.1]. (Consider the first coboundary map of (2.12) ⊗ S L + E, which is a map taking a cup product with k C .) Since E is nonzero and effective, there exist positive integers k, m i (1 ≤ i ≤ k) and prime divisors
Since the map c → r(c, E) admitting poles to c (2.11) and the cup product map ∪k C are compatible, we have for any subdivisor
Thus by admitting to γ a new pole along some E i , or increasing the order of poles along E i , we obtain a divisor
We recall a sufficient condition for ob S (α) to be nonzero. Let E i (1 ≤ i ≤ k) be nonzero effective prime divisors on S such that (1) E i are mutually disjoint, i.e., E i ∩ E j = ∅ if i = j, and (2) if D and D ′ are two effective divisors on S whose support is contained in
Example 2.19. If S is a del Pezzo surface and E i (1 ≤ i ≤ k) are mutually disjoint lines on S, then the map (2.13) is injective. In fact, since D and D ′ has supports on
′ then E is nonzero and effective. Then since E i are (−1)-curves on S, we see that
Thus the injectivity of (2.13) follows from the exact sequence 0
Let γ = π C/S (α) be the exterior component of α. We consider an integral divisor E = k i=1 m i E i on S with positive coefficients m i > 0 (i = 1, . . . , k) and assume that r(γ, E) lifts to a section β ∈ H 0 (S, N S/X (E)) \ H 0 (S, N S/X ) (an infinitesimal deformation with pole), i.e., we have (2.14)
Let β i := β E i be the principal part of β along E i . Then by assumption, β i is a global section of the invertible sheaf Figure 1 may be Figure 1 . Relation among α, β and β i useful for understanding the relation among α, β and β i . Let ∂ E i denote the coboundary map of the short exact sequence
By using the following theorem, we deduce the nonzero of ob S (α) from that of the cup product of ∂ E i (β i ) with β i . (1) Let ∆ := C + K X S − 2E in Pic S and let E red := k i=1 E i , i.e., the reduced part of E. Then the restriction map
to E red is surjective, and (2) There exists an integer 1 ≤ i ≤ k such that ∂ E i (β i ) ∪ β i = 0, where the cup product is taken by the map
Theorem 2.20 is a reformulation of [20, Theorem 3.3] . For the proof of Theorem 2.20, we refer to the postprint of the same paper in the arXiv (cf. [20] ).
In the rest of this section, we assume that X = P 3 , S ⊂ X is a smooth cubic surface, and E i are lines on S. The following lemma gives a sufficient condition for the cup product ∂ E i (β i ) ∪ β i considered in Theorem 2.20 to be nonzero.
Lemma 2.21. Let β i be the principal part of β along E i as in Theorem 2.20 and let Z i := C ∩ E i be the scheme-theoretic intersection of C with E i . If
[ii] (C.E i ) = 3 − m i , and
the first condition, we have (0 <) m i ≤ 3. The second condition shows that the invertible subsheaf N S/P 3 (m i E i − C)| E i is of degree 0, and hence it is trivial by the existence of nonzero section β i . Since taking a cup product with β i is just a multiplication by nonzero scalar, it suffices to prove that ∂ E i (β i ) = 0. We consider the map
which is induced by a sheaf homomorphism (2.15) . We see that this map is zero if m i > 1 and not surjective if
Thus if m i > 1 then we are done. Suppose that m i = 1. Then Z i is a finite subscheme of E i of length 2. Given an invertible sheaf L and its global section γ, we denote by div 0 (γ) the divisor of zero of γ. Then by Lemma 2.18, β i is contained in the subgroup
The next lemma will be used to prove that the condition [iii] in Lemma 2.21 is satisfied in the case m i = 1, i.e., C.E i = 2.
Lemma 2.22. Let E be a line and D a nef divisor on S. If D ∼ m(−K S − E) for any integer m, then we have H 1 (S, D − E) = 0, and in particular the rational map |D| |O E (D)| sending a curve C ∈ |D| to Z := C ∩ E is dominant.
Proof. We note that q := −K S −E is the class of conics on S residual to E. Let L := D+q in Pic S. Since D is nef, so is L. Since L is not composed with pencils, L is also big. Thus 
3. Proof of Theorems 1.2 and 1.3
In this section, we prove that Conjecture 1.1 is true if C is quadratically normal (Theorem 1.2) and prove Theorem 1.3. Let S ⊂ P 3 be a smooth cubic surface, C ⊂ P 3 a curve
important for the deformations of C in P 3 .
Since H 1 (C, N C/S ) = 0, as we saw in §1, the cohomology group H 1 (C, N S/P 3 C ) contains every obstruction to deforming C in P 3 . Since H i (S, N S/P 3 ) = 0 for all i > 0, it follows from the exact sequence (2.12) ⊗ S N S/P 3 that (3.1)
The following lemma shows that if H 1 (S, −L) = 0 and χ(S, −L) ≥ 0, then the obstruction space (3.1) is nonzero.
Lemma 3.1. Suppose that C is of degree d > 9 and genus g ≥ 3d − 18. Then
and hence (2) follows. This implies that if
We next relate H 1 (S, −L) to a tangent map on the Hilbert-flag scheme. By Lemma 2.13, we note that H i (P 3 , N (C,S)/P 3 ) = 0 for all i > 0. This implies that the Hilbert-flag scheme
(cf. Example 2.14). Let Hilb sc P 3 denote the Hilbert scheme of smooth connected curves in P 3 , and let HF sc P 3 ⊂ HF P 3 denote the subscheme parametrising pairs (C, S) of a curve C ∈ Hilb sc P 3 and a surface S containing C, i.e., we define as HF sc P 3 = pr
where pr 1 : HF P 3 → Hilb P 3 is the first projection. Then by (2.10) the cokernel of the tangent map
The following lemma immediately follows from Lemmas 2.1 and 2.8.
Suppose that L ≥ 0 and L is not nef. Then the fixed part F of |L| is given by
where
(2) C is quadratically normal (resp. linearly normal) if and only if m i = 1 (resp. 1 ≤ m i ≤ 2.) for all i.
Proof of Theorem 1.2. We assume that C satisfies the hypothesis of Conjecture 1.1.
Let α be a global section of N C/P 3 . By lemma 2.15 (or Corollary 2.16), it suffices to prove that the primary obstruction ob(α) of α is nonzero if α is not contained in the image of
Suppose now that C is quadratically normal. Then Lemma 3.2 shows that the fixed part F of |L| is given by
Kawamata-Viehweg vanishing theorem. Let k C be the extension class defined in (2.12) and γ := π C/S (α) the exterior component of α (see §2.4 for the definition). We note that the map δ in (2.10), which is a coboundary map of (2.8), factors through the coboundary map ∪k C of (2.12)
Then by Lemma 2.18, admitting to γ some poles along F ∩ C, the section γ (in fact r(γ, F )) on C lifts to a global section of N S/P 3 (F ) on S, i.e., an infinitesimal deformation with pole (cf. Definition 2.17). More precisely, by the same lemma, there exist a prime divisor
of r(γ, F ) such that the principal part β i := β E i of β along E i is nonzero. Now we check that the two conditions (1) and (2) of Theorem 2.20 are both satisfied. Let us define a divisor ∆ on S as in the theorem. Then ∆ = C + K P 3 S − 2F . The Serre duality shows that
∨ and the last cohomology group is zero by Lemma 2.6. Therefore the restriction map
Thus (1) [ii] follows from m i = 1 and C.E i = 2. Since C is a general member of the 3-maximal family W , so is [5] ). It has been proved in [18] that the conjecture is true if h 1 (P 3 , I C (3)) = 1
(that is the case b 6 = 2 and b 5 ≥ 3) by a method of this paper. Recently in the appendix of [12] and more recently in [11] , Kleppe has further extended the known range of (d, g)
where Conjecture 1.1 holds to be true by a method of [10] together with a result in [3] , but his result does not cover our result. It is notable that his result shows that the conjecture is true for some classes of quadratic non-normal curves C (with b 6 = 1, b 5 ≥ 5 and satisfying some further assumptions) (cf. [12, Theorem A.3] ). As far as we know, every proof that has been known so far is partial, and Conjecture 1.1 is still open (in the case where C ⊂ P 3 is quadratically non-normal).
In the rest of this section, we prove Theorem 1.3.
Proof of Theorem 1.3. Let C satisfy the assumption of the theorem. For the proof, it suffices to show that there exists a global section α of N C/P 3 such that ob(α) (or its exterior component ob S (α)) is nonzero. Let m := −L.E and suppose that 1 ≤ m ≤ 3. If 1 ≤ j ≤ m then (−L + jE.E) = m − j ≥ 0. Therefore, there exists a sequence
of natural surjective maps. By assumption, L is effective and so is L − mE by Lemma 2.1.
1 is trivial, we deduce from the exact sequence (2.16) (for
Therefore there exists an element ξ of H 1 (S, −L) such that r(ξ, (m − 1)E) = 0 in
Here and later, we use the same notation r( * , D) in §2.4 for a divisor D ≥ 0 on S. It follows from the exact sequence (2.10) that there exists a global section α of N C/P 3 such that δ(α) = ξ, where δ is the first coboundary map of (2.8). Let γ := π C/S (α) denote the exterior component of α (see §2.4) and let k C be the extension class of (2.12). Then γ ∪ k C = ξ as in the proof of Theorem 1.2. Moreover by the choice of ξ and Lemma 2.18, there exists a global section β of N S/P 3 (mE) such that β C = r(γ, mE) and the principal part β E of β along E defines a nonzero global section of N S/P 3 (mE − C) E on E. Let us define a divisor ∆ on S by ∆ := C + K P 3 S − 2mE as in Theorem 2.20. We check that ∆ and β (or β E ) satisfy the two assumptions (1) and (2) of the theorem. Let ̺ denote the restriction map defined by (1.2). If m = 1 then ∆ = L + K S − 2E is effective by Lemma 2.1. Thus we see that ̺ is surjective for m = 1 by ∆.E = 0 and Lemma 3.4 below, and also for 2 ≤ m ≤ 3 by assumption. Thus (1) is satisfied. To prove that the cup product ∂ E (β E ) ∪ β E considered in Theorem 2.20 is nonzero, we again apply Lemma 2.21. We have already seen that β E = 0 (cf. [i]). It is also clear that m(:= −L.E) = 3 − C.E (cf.
[ii]). Finally, if m = 1, i.e., C.E = 2, replacing C with a general member C ′ of |C|, we can assume that the intersection Z = C ∩ E, that is a Lemma 3.4. Let E be a line on S and ∆ a divisor on S such that n := ∆.E ≥ 0. If there exists a conic q on S such that q.E = 1 and ∆ − nq ≥ 0, then the restriction map ̺ in (1.2) is surjective.
Proof. Let q ′ := −K S − E. Then by q ′ .E = 2, we have nq ∼ mq ′ for any integer m.
Then it follows from Lemma 2.22 that H 0 (S, nq) → H 0 (E, nq) is surjective. Since ∆ − nq is effective, |∆| contains |nq| as a linear subsystem. We note that O E (nq) ≃ O E (∆) by degree. Since the restriction of ̺ to H 0 (S, nq) is surjective, so is ̺.
Remark 3.5. Some special cases of Theorem 1.3 were also proved in [2] (m = 3) and [18] (m = 1). The same conclusion was proved in [18] under the assumption that F = Bs |L| is a (single) line (cf. [18, Proposition 3.1]). Dolcetti and Pareschi [2] proved that if d ≥ 21 and
on a smooth cubic surface belongs to a non-reduced component of
, whose general members are linearly non-normal curves lying on a quartic surface with a double conic (cf. [2, Theorem 2.1]). Such curves are generic projections of curves lying a smooth quartic del Pezzo surface in P 4 , and this fact was first pointed out by Ellia [3] . See [12] for examples of obstructed curves with m = 2 (cf. Remark 3.3).
Examples
In this section, we consider applications of Theorems 1.2 and 1.3. We first look at applications of Theorem 1.2. We give two series of 3-maximal families of space curves satisfying the assumption of Conjecture 1.1. Let W (a; b 1 , . . . , b 6 ) ⊂ H(d, g) sc denote the 3-maximal family corresponding to a 7-tuple (a; b 1 , . . . , b 6 ) of integers satisfying the conditions (2.6) in §2.2 (cf. Definition 2.11). Let C be a general member of W (a; b 1 , . . . , b 6 ). In Examples 4.1 and 4.2 below, we have b 6 = 2 and hence C is quadratically normal by Lemma 2.8. Then by Theorem 1.2, W becomes an irreducible component of (H(d, g) sc ) red of d + g + 18, and H(d, g) sc is generically non-reduced along W . We have
where h 1 (P 3 , I C (3)) = h 0 (F, O F ) and F is the fixed part of |C + 3K S | (cf. Lemma 2.8).
In these examples, we also show the dimension of the obstruction space H 1 (C, N C/P 3 ) at
[C]. The dimension is computed by the formula
which is deduced from (3.1). Then d = 2(λ + 14) and g = 8λ + 67. We note that F = (1; 1, 1, −1, −1, −1, −1) = (l−e 1 −e 2 )+ 6 i=3 e i . Then we compute that h 1 (P 3 , I C (3)) = 5 and h 1 (C, N C/P 3 ) = 2λ+5.
We next look at applications of Theorem 1.3. Let S be a smooth cubic surface in P 3 .
We fix a line E on S and denote by ε the blow-down S → S ′ of E. By taking E and q in Proposition 4.3 as E = e 6 and q = l − e 6 , respectively, we obtain the following example. on S is a smooth connected curve in P 3 with C.e 6 = k. Moreover, C is obstructed in P 3 . Theorem 1.3 can be applied to determinations of the dimension of the Hilbert scheme H (d, g) sc . We first recall a result due to Kleppe. general member C is contained in a smooth cubic surface. If d > 9, then we have
where the inequality to the right is strict if and only if C is obstructed in P 3 . The following example was studied in detail in [9] (see also [10] ).
See
Example 4.7 (Kleppe). Let S be a smooth cubic surface, E 1 and E 2 two skew lines on S and C a smooth connected curve on S such that C ∼ −4K S + 2E 1 + 2E 2 , i.e., C ∼ (12; 4, 4, 4, 4, 2, 2). We see that C is of degree d = 16 and genus g = 29. Since g < 3d − 18, the 3-maximal family W := W (12 
